We present the pseudo-ǫ expansions (τ -series) for the critical exponents of a λφ 4 threedimensional O(n)-symmetric model obtained on the basis of six-loop renormalization-group expansions. Concrete numerical results are presented for physically interesting cases n = 1, n = 2, n = 3 and n = 0, as well as for 4 ≤ n ≤ 32 in order to clarify the general properties of the obtained series. The pseudo-ǫ-expansions for the exponents γ α have small and rapidly decreasing coefficients. So, even the direct summation of the τ -series leads to fair estimates for critical exponents, while addressing Pade approximants enables one to get high-precision numerical results. In contrast, the coefficients of the pseudo-ǫ expansion of the scaling correction exponent ω do not exhibit any tendency to decrease at physical values of n. But the corresponding series are sign-alternating, and to obtain reliable numerical estimates, it also suffices to use simple Padé approximants in this case. The pseudo-ǫ expansion technique can therefore be regarded as a specific resummation method converting divergent renormalization-group series into expansions that are computationally convenient. * Electronic address: ais2002@mail.ru
I. INTRODUCTION
Although no exact solution of the problem of the phase transition in the threedimensional n-vector model has yet been obtained, the critical exponents of systems described by this model (Heisenberg and uniaxial ferromagnets, Bose superfluids, etc.) have been calculated with a rather high accuracy. One of the most efficient methods, which allows obtaining precise quantitative results, is the field-theory renormalization group (RG) method. The calculations of five-, six-, and seven-loop RG expansions [1] [2] [3] [4] [5] showed the way for calculating the critical exponents, the ratios of critical amplitudes, and other universal characteristics of the critical behavior of three-dimensional systems with an absolute error less than or equal to 0.002 to 0.003 [3, [6] [7] [8] [9] .
The field-theory RG technique is based on the renormalized perturbation theory, i.e., on a regular mathematical procedure that allows obtaining the critical exponents and other observables as power series in the effective dimensionless coupling constant (renormalized charge) g. The asymptotic value of g is a nontrivial zero of the Gell-MannLow function β(g), which can also be calculated by the perturbation theory methods.
But the perturbation series, as is known, diverge, and the expansion parameter is not small for models with spaces of physical dimension (D = 3, D = 2)), i.e., g ∼ 1 ÷ 2.
To obtain quantitative results, we must therefore use different methods for summing the divergent series (see, e.g., [10] [11] [12] [13] [14] ). When using an alternative approach based on (4 − ǫ)-dimensional models, we must use resummation procedures because the ǫ expansions have the same drawbacks in the physical limit ǫ → 1 ǫ as the expansions in the charge.
At the same time, there is a method for transforming the initial RG expansions into series with small coefficients rapidly decreasing in absolute value. We mean the pseudo-ǫ expansion method proposed by Nickel (see reference [19] in [6] ). The main idea of the method is to replace the coefficient of the linear term in the expansion of the β function with a fictitious small parameter τ , to calculate the Wilson fixed-point coordinate as a power series in τ , and to construct the τ -expansions of the critical exponents and other universal quantities. The structure of the series obtained with this technique turns out to be very convenient computationally, and reliable numerical results can hence be obtained by directly summing these series or by using simple Padé approximants [15] [16] [17] [18] [19] [20] [21] .
The pseudo-ǫ expansion method proved to be highly efficient even in the case of twodimensional systems, where the known RG expansions are shorter and diverge faster than in the case of three-dimensional models [22] [23] [24] [25] .
Our goal here is to present pseudo-ǫ expansions of critical exponents of a threedimensional n-vector model, to analyze their structure for different values of n, and to discuss the numerical results obtained in the framework of this approach. We mainly focus on the cases n = 1, n = 2, n = 3, and n = 0, which are physically the most interesting. We obtain numerical estimates by using Padé approximants and by summing the obtained pseudo-ǫ expansions directly.
II. PSEUDO-ǫ EXPANSIONS OF CRITICAL EXPONENTS FOR ARBITRARY n
The critical thermodynamics of three-dimensional systems with an O(n)-symmetric order parameter are described by the Euclidean field theory with a λφ 4 type interaction whose Hamiltonian has the form
where the squared bare mass m 0 is proportional to T − T R normalized at zero external momenta,
are currently known in the six-loop approximation [2, 3, 5] . To obtain the sought pseudo-ǫ expansions (τ -series), it suffices to substitute the τ -series for the Wilson fixed point coordinate [25] in the RG expansions of the critical exponents and to reexpand them in power series in τ . Here, we present calculation results for the critical exponents of the susceptibility and heat capacity because these exponents are measured in experiments most frequently and most precisely. The pseudo-ǫ expansions of other critical exponents can be obtained based on the τ -series for the parameters γ and α using the well-known scaling relations. Hence, we have 
In the analysis of the experimental data, it is also important to know the critical exponent of the scaling correction ω, whose pseudo-ǫ expansion has the form 
These τ -series are used below to obtain the numerical values of critical exponents for some special values of n.
III. STRUCTURE OF THE τ -SERIES AND NUMERICAL RESULTS
We consider pseudo-ǫ expansions (3)- (5) for physically interesting values of n. The most important cases are n = 1, n = 2 and n = 3, which correspond to phase transitions in simple liquids and binary mixtures, in easy-axis, easy-plane, and Heisenberg ferromagnets, in superconductors with s-pairing, in Bose superfluids, and in many other systems. The corresponding τ -series have the forms
for n = 1,
for n = 2, and
for n = 3. It is physically interesting to consider the limit n → 0, where model (1) describes the critical behavior of polymers (self-avoiding walk). In the case n = 0, the pseudo-ǫ expansions of the critical exponents become
We note that the pseudo-ǫ expansion method was previously used to determine numerical values of critical exponents in [6, 7] , but no τ -series (3)- (17) were given in those papers. The resummation procedure based on the BorelLeroy transformation and the conformal map technique were used there. Here, we determine the values of critical exponents without using the Borel summation, which is a canonical tool in the theory of critical phenomena.
It follows from formulas (6)- (17) that the τ -series for the exponents γ and α have small coefficients rapidly decreasing in absolute value. It is therefore natural to try to find the numerical values of these exponents using the simplest way, namely, using Padé approximants and directly summing pseudo-ǫ expansions. It is necessary to keep in mind that the obtained series, despite their favorable structure, diverge in this case; the divergence, in particular, is manifested by the behavior of the higher-order terms, which tend to increase. On the other hand, because the initial RG expansions are asymptotic, there are reasons to believe that the pseudo-ǫ expansions have the same property because their coefficients can be obtained from the coefficients of the RG series by finitely many algebraic operations with the coefficients of the same and lower orders [21, 26] . This implies that in the case of direct summation of some pseudo-ǫ expansion, the most precise estimate can be obtained by calculating the partial sum of the series bounded by the term that is least in absolute value.
The results of calculating the critical exponents of the susceptibility and heat ca- Tables 5 and 6 and the precise values obtained by different methods confirms that the pseudo-ǫ expansion technique is numerically highly efficient in such problems.
We further consider the critical exponent of the scaling correction ω. In this case, the computational situation is not so favorable as in the case of the exponents γ and α.
The coefficients of pseudo-ǫ expansions (8) , (11), (14) , and (17) are not small and do not exhibit any pronounced tendency to decrease. But the τ -series are sign-alternating and have a regular structure, i.e., their coefficients are first monotonically decreasing (in absolute value) and then monotonically increasing as their number grows. This allows concluding that using Padé approximants can also give reliable numerical results in this case. Tables 7 and 8 , where the Padé triangles are given for pseudo-ǫ expansions (8) and (14) and the summary Table 9 confirm this conclusion. We can see that the Padé estimates of the exponent ω agree well with the result of field theory and lattice computations for all values of n up to n = 32. At the same time, the optimally truncated direct summation
gives acceptable results in this case only for sufficiently large n.
IV. SCALING AND NUMERICAL EFFICIENCY
Resumming the pseudo-ǫ expansions by the Padé method, we can calculate the critical exponents of three-dimensional systems with an accuracy comparable to the accuracy of the most efficient lattice and field theory iteration schemes. It is interesting to verify whether the results thus obtained are intrinsically consistent. For this, we must use expressions (3) and (4) to determine the pseudo-ǫ expansions of the other critical exponents, sum the corresponding τ -series in the Padé sense, and verify the extent to which the obtained numbers satisfy the scaling relations. In this case, it is necessary to keep in mind that the relation α = 2 − Dν cannot be a source of the required information, because it is exactly satisfied in our case for trivial reasons. The formulas
are efficient in this case, and we use them as test formulas. Table 10 shows the results of substituting the critical exponent values derived from the corresponding τ -series by Padé resummations in these formulas. We see that the pseudo-ǫ expansion technique reproduces the scaling relations with an accuracy at the level of 0.005 and higher. This confirms that the approach discussed here allows obtaining high-precision numerical estimates even by the simplest resummation methods.
What are the reasons for this very high numerical efficiency of the pseudo-ǫ expansion method? We believe that the main distinguishing characteristics of this method ensuring its computational power are the following:
1. The coefficients of pseudo-ǫ expansions are significantly less (in absolute value) and begin to increase much later than the coefficients of the corresponding RG series.
This can be explained by the structure of the formulas relating the former to the latter.
This structure ensures multiple subtractions (destructive interference) of the coefficients of the initial RG expansions when the coefficients of the τ -series are calculated [21] .
2. The expressions for the coefficients of the kth-order pseudo-ǫ expansions contain not only the k-th order coefficients of the RG series but also the RG coefficients of lower orders down to the first order [26] . This means that the operations with pseudo-ǫ expansions use more information contained in the RG series than in the case where the RG expansions themselves are processed.
3. In the pseudo-ǫ expansion method, the physical value of the expansion parameter τ is equal to unity. The field theory RG technique is based on the expansion in the Wilson fixed-point coordinate g. We have g ≈ 1.4 for three-dimensional systems with 0 ≤ n ≤ 3 and g ≈ 1.8 for the two-dimensional Ising model, i. e., g is significantly greater than unity.
This difference is very significant, especially in the case of high perturbation orders. Table 5 . 
